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e Characteristics of inverse problems.
e Prior Modeling Using Gaussian Markov random fields.

e Hierarchical Bayesian Inverse Problems and MCMC



General Statistical Model

Consider the linear, Gaussian statistical model
y = AX + €,

where
e y € R™ is the vector of observations;
e x € R™ is the vector of unknown parameters;
A:R" - R™,
€ ~N(0,\71), ie., € is i.i.d. Gaussian with mean 0 and
variance AL



Numerical Discretization of a Physical Model

For us, y = [y1,...,ym]?, with

yi = y(si)
Nl ol (def .
= /Qa(si,s )z (s')ds <— [.Amfﬁ]z)



Numerical Discretization of a Physical Model

For us, y = [y1,...,ym|’, with
vi = y(si)
/ / / def
= / a(s;, s )x(s')ds <: [.Ama:]l)
Q

1
As!

Q

n
Z a(si, s;)x(sy)  (numerical quadrature)
j=1

1
= [Ax]’b ([A]Zj = Ea(s’b S;) &x= [x<3/1)7 R 7x(8;1)]T> )
where Q = [0, 1] or [0, 1] x [0, 1], defines the equation

y = Ax.



Synthetic Examples
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Naive Solutions: xrg = Afy
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Properties of the model matrix A

It is typical in inverse problems that if the matrix A has SVD

,
A= Z osw;vl, where 7 =rank(A).
i=1
Characteristics of Inverse Problems:
e the 0;’s decay to 0 as i — r;

e the {u;, v;}’s become increasingly oscillatory as i — n.



Properties of the model matrix A

It is typical in inverse problems that if the matrix A has SVD

,
A= Z osw;vl, where 7 =rank(A).
i=1
Characteristics of Inverse Problems:
e the 0;’s decay to 0 as i — r;

e the {u;,v;}’s become increasingly oscillatory as i — n.

The least squares solution can then be written

Aly = Af(Ax+e€)

T

= Z(VZTV —i—Z(;T)

i=1
—_———

portion due to signal  portion due to noise




Least Squares Solutions: ATy = > (vIix)v; + >,
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The Fix: Regularization
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Bayes Law:

p(x[y, A, 0) o< p(y[x, A) p(x[d) .
—_——  V—
posterior likelihood  prior

For our assumed statistical model,

A
p(y|x, A) o< exp (—2IIAX - YI!2> :



Bayes Law:

p(x[y, A, 0) o< p(y[x, A) p(x[d) .
—_——  V—
posterior likelihood  prior

For our assumed statistical model,
A 2
p(yxA) ocexp { —Z[|Ax —y[” ).
In this talk, we will assume a Gaussian prior
o 7
p(x]0) o exp —5X Lx |,
so that

A 1)
p(X|y, A? 5) X €exp <_2||AX - YH2 - 5 XTLX> .



Maximum a Posteriori (MAP) Estimation
The maximizer of the posterior density is
XMAP = argmin{ —|[|Ax —y||® + = x" Lx
x |2 2
which is the regularized solution x, with o = §/\.

a=25x10"%*  a=1.05x10"%

100

120

a0

100

120

100




Modeling the Prior p(x|d)

Parameter Set P
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Gaussian Markov Random field (GMRF) priors

The neighbor values for z;; are below (in black)

X9;; — {ﬁifl,jyxi,jflaxwrl,j;$i,j+1}

T j+1
Lij-1



Gaussian Markov Random field (GMRF) priors

The neighbor values for z;; are below (in black)

X9y = {ﬁifl,jyxi,jflaxzﬂrl,j;$i,j+1}
Tij+1
Tij—1

Then we assume
ijlxa,; ~ N (To,,871),

7 1 o= 1.
where Zy,; = e Z(r,s)eaij xyrs and ng; = [0



Gaussian Markov Random field (GMRF) priors

This leads to the prior
n 0 T
p(x]d) o< " exp —5X Lx ),
where if 7 = (4, j) after column-stacking 2D arrays
4 s=r,
[Ll,s =4 -1 s€,,

0 otherwise.

NOTE: L = 2D discrete unscaled (by 1/h?) negative-Laplacian.
Recall the MAP estimator

1
X, = argmin{ ~||Ax — y||* + 2 xTLx
x |2 2
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2D GMRF Increment Models
For a 2D signal, suppose

Tiv1j —xij ~ N(O, (wi;6)™h),
Tije1 — xij ~ N(0, (wi;6)™h),

9%



2D GMRF Increment Models
For a 2D signal, suppose

zip1;—wij ~ NO (w6)™"), i,j=1,...,vn
zijir — g~ N, (wid)™), i,j=1,...,v/n

Assuming independence the density function for x has the form

NG
0
p(x|6) o< "% exp ) wij(Tiy1,j — wi5)° | %
ij=1
NG
g 2
exp | =5 D wij(@ig+1 — Tij)
ij=1

5
= " %exp <—2XT(D£ADh + DZADU)X> ,



2D GMRF Increment Models
For a 2D signal, suppose

zip1;—wij ~ NO (w6)™"), i,j=1,...,vn
zijir — g~ N, (wid)™), i,j=1,...,v/n

Assuming independence the density function for x has the form

NG
0
p(x|6) o< "% exp ) wij(Tiy1,j — wi5)° | %
ij=1
NG
g 2
exp | =5 D wij(@ig+1 — Tij)
ij=1

5
= " %exp <—2XT(D£ADh + DZADU)X> ,

e D, =1®D, D, =D ®I, where D = 1D difference matrix;
* A= dl&g(VeC({ww }Z] 1))



2D GMRF Increment Models

The matrix ﬁD%’;ADh + ﬁDfAD@ is a discretization of

0

9.1396

9.1336

9.1336

Left: w;; = 1 for all ij.
Right: w;; = 0.01 for ¢j on the circle boundary.



GMRF Edge-Preserving Reconstruction

0. Set A =1
1. Define L = D?;AD;L + DTAD,, where
2. Compute
X, = (ATA +oL)'ATy
using PCG with « obtained via L-curve, GCV, etc.
3. Set

A(xa)

= dia !
— Dt Doxa)? 151

0 < 8« 1, and return to Step 1.

NOTE: This is just the lagged-diffusivity iteration.



Numerical Results
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Infinite Dimnensional Limit

Question: When is

def .
plzly,A,0) = lim p(x]y,A,0)

well defined?



Infinite Dimnensional Limit

Question: When is

def ;.
plzly,A,0) = lim p(x]y,A,0)
well defined? First
lim [|Ax — y|” = [ Anz — v,

where

[Anx]; = / a(si, s)x(s)ds', i=1,...,m.
Q

Note: A, : C*°(Q) — R™, where Q = [0,1] or [0,1] x [0, 1], and
C>°(Q) is the space of smooth functions on €.



The Infinite Dimnensional Limit

Next,

lim ¢(n)x’Lx = (z, Lz) dof / z(s)Lx(s) ds',
Q

n—00



The Infinite Dimnensional Limit

Next,

lim ¢(n)x’Lx = (z, Lz) dof / z(s)Lx(s) ds',
Q

n—00

where ¢(n) = n in one-dimension and

d d
L 7 (w(s)d8>, 0<s<1;

whereas ¢(n) = 1 in two-dimensions and

0 0 0
L= ~ 3 (w(s’t)as) ~ % (w(s,t)at) , 0<st<1.



The Infinite Dimnensional Limit

. A 9 dc(n) p A 9 0
nl;ngo{2||Ax—y|] X Lx —§\|Ama:—yH —|—§<x,£x>,
and hence

A 1)
palyrd) x exp(~5ldne -yl - SloLo)).



The Infinite Dimnensional Limit

. A 9 dc(n) p A 9 0
nlLII;O{2||AX—y|’ X Lx —§\|Ama:—yH —|—§<x,£x>,
and hence

A 0
palyrd) x exp(~5ldne -yl - SloLo)).
Question: When is the resulting probability measure well-defined:

o) S [ plaly o) de, A C LH0)?
A



The Infinite Dimnensional Limit

. A 9 dc(n) p A 9 0
nlLII;O{2||AX—y|’ X Lx —§\|Ama:—yH —|—§<x,£x>,
and hence

A 0
palyrd) x exp(~5ldne -yl - SloLo)).
Question: When is the resulting probability measure well-defined:

o) S [ plaly o) de, A C LH0)?
A

Answer [Stuart]: When £7! is a trace-class operator on L?(12),
i.e., when > (¢, L71¢;) < oo for any o.n. basis {¢;} of L*(Q).



The Infinite Dimnensional Limit

In one-dimension, if

d d
L—_£ (w(s)d5>, 0<8<1,

then £~ is trace class.



The Infinite Dimnensional Limit
In one-dimension, if
d d
L—_ds(w(s)ds>, 0<8<1,

then £~ is trace class.

In two-dimensions, if

0 0 0
L= ~ (“’(S’t)as> ~ 5 (w(s,t)at) , 0<s,t<,

then £~ is not trace-class.




The Infinite Dimnensional Limit

In one-dimension, if

d d
L—_ds(w(s)ds>, 0<8<1,
then £~ is trace class.

In two-dimensions, if

0 0 0
L= ~ (“’(S’t)as> ~ 5 (w(s,t)at) , 0<s,t<,

then £~ is not trace-class.

FIX: in two-dimensions, use £ def L2, which is trace class; note
that if w = w = 1 above, this is called the biharmonic operator.



An Alternative: Second-Order GMRFs
For a 2D signal, suppose

(
(

Ti—1,5 — 21‘@‘ +ZTit1; ~ N(O, wijd
N(O, wijé

Tij—1 — 2wy + Tij1 ~

%



An Alternative: Second-Order GMRFs
For a 2D signal, suppose

Tio1j — 2wy + xip1y; ~ N0, (wi6)h), iji=1,...,Vn
Tij—1 — 2wy + Tij1 ~ N(0, (ww )_1), i,i=1,...,/n.

Assuming independence, the density function for x has the form

5 n
p(X’(S) X (Sn/Q exp —5 Z wij(xi,lyj — 21‘@' + :E2'+17j)2 X
ij=1
6 n
exp | =5 D wig(@igo1 = 2z + wij)’

1,j=1



An Alternative: Second-Order GMRFs
For a 2D signal, suppose

Tio1j — 2wy + xip1y; ~ N0, (wi6)h), iji=1,...,Vn
Tij—1 — 2wy + Tij1 ~ N(0, (ww )_1), i,i=1,...,/n.

Assuming independence, the density function for x has the form

5 n
p(x]6) oc " exp —3 D wij(wio1y — 2w+ wig15)” | X
2,J=1
6 n
exp | =5 D wig(@igo1 = 2z + wij)’
ij=1

5
= 0"%exp <—2XT(L;{ALh + L;{ALU)X> :

e L,=L®I L,=1I®L, L=1D discrete neg-Laplacian;
° A= dl&g(VeC({ww }Z] 1))



The Infinite Dimensional Limit

Let L = LT ALy, + LTA,L,, then
lim c(n)x’Lx = (z, L),

n—oo

where

0? 0? 0? 0?
L= ~ 92 (w(svt)asg> T2 <w(s’t)8t2> v 0<s, <,



The Infinite Dimensional Limit

Let L = LT ALy, + LTA,L,, then

lim c(n)x’Lx = (z, L),
n—oo

where

0? 0? 0? 0?
L= ~ 92 <w(s’t)832> T2 <w(s’t)8t2> , 0<s <,

NOTE: £~ is trace-class, and hence if

A 0
atyrd) x oo (=3 ldue —yIP - oL

then pPt(A) = [, p(zly, A, 6) dz, for L*(12), is well-defined.



Higher-Order GMRF, Edge-Preserving Reconstruction

0. Set A=1.
1. Define L = LT AL, + LTAL,, where
2. Compute
xo = (ATA +oL) ATy
using PCG with « obtained using GCV.
3. Set

‘ 1
Abea) = ding (¢<tha>2 F(Toxa)? + ﬂ1>

where 0 < 8 < 1, and return to Step 1.



Plot after 10 iterations
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Hierarchical Bayes: Assume Hyper-Priors on A and ¢
Uncertainty in A and 6: A ~ p(A\) and § ~ p(J). Then

p(x, A, dly) o< p(ylx, A)p(A) p(x[6)p(6),

is the Bayesian posterior



Hierarchical Bayes: Assume Hyper-Priors on A and ¢
Uncertainty in A and 0: A ~ p(A\) and 6 ~ p(d). Then
p(x, A, dly) o< p(ylx, A)p(A) p(x[0)p(d),

is the Bayesian posterior, where
m/2 A 2
p(yx,A) oc A" exp | =5 [[Ax =y |7 ),
and we choose a GMRF prior and Gamma hyper-priors:

p(x|6) x 62 exp <—ngLx>,

p(A) /\arlexp(—ﬁ)\)\),
p(d) 50‘5*1exp(—ﬁ56),

where ay = a5 =1 and ) = 35 = 1072



The Full Posterior Distribution: Linear Case

p(x, A, 0|y) o the posterior

N/ 2+an—1 gn/2+as—1 exp <—;\||Ax — y||2 — gXTLX — BaA — 565> .

Sampling versus Computing the MAP Estimator

T T T +
4 Draws from N[0 C) *
;18 *  MAP point
95% Confindence Level Curve |4
| [ —99% Confindence Level Curve

Yz
o




The Full Posterior Distribution

The full conditionals have the form
1
py) x N (- (Glax -yl ) )
1
p(dlx, A, y) §n/2ras—1 oxp <— <2xTLx + ﬁg) 5) :

A 1)
X[y, A 8) o exp <—2HAX—YH2—2XTLx>.

OBSERVATIONS:
1. p(x|y, A, d) is a Gaussian random vector;
2. p(A,dly,x) = p(Alx, 6, y)p(d|x, A, y);
3. and we have the natural blocking: (x,\,d) = (x;(\,0)).



Hierarchical Gibbs for sampling from p(x, A, d|y)

0. Choose x°, and set k = 0;

1. Sample from p(A,d]y, xi) via:
a. Apy1 ~ T (m/2+ ay, 5| AXY =y + By);
b. k1 ~ T (n/2+ as, 5(x*)TLx* + Bs);

2. Sample from the Gaussian p(x|y, A\k+1, Op+1) via:
XM = (N ATA + 5k+1L)_1 (Mes1ATy + 1),

where 7 ~ N (0, \p+1ATA + 6541 L) .
3. Set kK =k + 1 and return to Step 1.

NOTE: Two-stage Gibbs samplers have nice properties, including

oo dist’
(< M 000152 2 p(x, A, bly).



A One-Dimensional Example

True Image, Mean, and 95% c.i. Histograms for A and ¢
70 : : - - - : : - T 1500 T - - . . . .
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An example from X-ray Radlography (W/ Luttman)
1200

I|neout
MCMC sample mean
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800 1

600 [ 1

400 i

200 1

0 500 1000 1500 2000 2500



A Two-Dimensional Example
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Step 2: sample from the Gaussian p(x|y, A, 9)

The conditional density for x|y, A, ¢ is

A 5
p(xly.\,8) o exp <_|| Ax P QXTLX>

AL/2A )\1/2y
= ool w77 ]

)



Step 2: sample from the Gaussian p(x|y, A, 9)

The conditional density for x|y, A, ¢ is
A 5 0 o
p(X‘Y7)‘75) X exp ——HAX_yH _ix Lx
1/2
= exp AZA X — >\1/2y
5L 1/2 0

From here on out, we define:

)\1/2A )\1/2y
R R |

)

Ays =

)

so that

1
plcty, 2,0) = oxp (51405 - vl



Step 2: sample from the Gaussian p(x|y, A, 9)

For large-scale problems, you can use optimization:

x = argnllin 1ANsY = (a6 +€)lI”, e~ N(0,T).



Step 2: sample from the Gaussian p(x|y, A, 9)

For large-scale problems, you can use optimization:

x = argnqin 1ANsY = (a6 +€)lI”, e~ N(0,T).

QR-rewrite: if Ay s = QR, with Q € R"™*", R € R"*", then

X = (A}:,(SA)\,(S)_IA{,E(y)\ﬁ + 6), €~ N(Oa I)



Step 2: sample from the Gaussian p(x|y, A, 9)

For large-scale problems, you can use optimization:

x = arg Hqin 1ANsY = (a6 +€)lI”, e~ N(0,T).

QR-rewrite: if Ay s = QR, with Q € R"™*", R € R"*", then

X = (A§,5A>\75)_1A§,6(y)\75 + 6), €~ N(Oa I)
= R'Q"(yas+¢€), e~N(0T)
———

def
def 1 T
= F (v), v~N(Q yrs ),

where F~1(x) = R™x.



Proof that x = F~1(v) has the right distribution:

What we know:

o v~ N(QTyy5,I) = py(v) x exp (—3[v — QTyxs?):
e F(x) = Rx.



Proof that x = F~1(v) has the right distribution:

What we know:

o v~ N(QTyrsI) = pu(v) x exp (=1 [lv — QTyxs/?);
e F(x) = Rx.

x=F71(v) = p(x)=|det( LF(x))|pv(F(x))

1
P = 20" et ()] exp (—5IRx — Q7Y
_n 1/2 1
— m et (L) exp (5 1Anax -yl

‘dist’
:t p(X’y7)\75)



MCMC Chain Diagnostics

Question: when has the (x, A, §)-chain generated by hierarchical
Gibbs converged in distribution to p(x, A, d|y)?



MCMC Chain Diagnostics

Question: when has the (x, A, §)-chain generated by hierarchical
Gibbs converged in distribution to p(x, A, d|y)?

Observations that follow from two-stage structure:
1. The (A, d)-chain has stationary distribution

ef
P\ dly) / p(x, A, 3]y )dx.

X



MCMC Chain Diagnostics

Question: when has the (x, A, §)-chain generated by hierarchical
Gibbs converged in distribution to p(x, A, d|y)?

Observations that follow from two-stage structure:
1. The (A, d)-chain has stationary distribution

ef
P\ dly) / p(x, A, 3]y )dx.

X

2. Since p(x, A, dly) o< p(x]y, A, 6)p(A, 6]y)
2.1 (X, 0") ~p(A,dly),
yields a sample (x/, X, d") ~ p(x, A, d]y).



MCMC Chain Diagnostics

Question: when has the (x, A, §)-chain generated by hierarchical
Gibbs converged in distribution to p(x, A, d|y)?

Observations that follow from two-stage structure:
1. The (A, d)-chain has stationary distribution

ef
P\ dly) / p(x, A, 3]y )dx.

X

2. Since p(x, A, dly) o< p(x]y, A, 6)p(A, 6]y)
2.1 (N, 8") ~p(A, dly),
22 X/ ~ p(X|Y’ A/7(5/)7

yields a sample (x/, X, d") ~ p(x, A, d]y).

Answer: (A, d)-chain convergence = (x, A, J)-chain convergence.



Chain Correlation: How correlated is {8;}* ;7

The autocorrelation function is defined

p(k) = C(k)/C(0),



Chain Correlation: How correlated is {8;}* ;7

The autocorrelation function is defined

p(k) = C(k)/C(0),

where

1 K—|k| k
C = d; 5 51 — ) = 7> i
)= F=i] 2 = Dlipy =), where 5= 7320

where K is the smallest integer such that K > 37,



Chain Correlation: How correlated is {8;}* ;7

The autocorrelation function is defined

p(k) = C(k)/C(0),

where
= ) k
C(k) = T Z; (8 — 8)(8i4 k) — 9), where 521(;52

where K is the smallest integer such that K > 3%, and

# independent samples in {5i}£(:1 ~ K /Tint.



As n — oo, correlation in \/d-chains disappears/increases
(Work with S. Agapiou, O. Papaspiliopoulos, & Andrew Stuart)

n = 50

MCMC chains for A, n=50 Disc n = 50, for 5000 samples the ESS Mk = 1274.8
s T T T T T T
x i
10) o
, , . , , , , , , 3" I [,

MCMC chains for 8, n=50 Disc n = 50, for 5000 samples the ESS M/t = 1448.8

[ 1
MCMC chains for A, n=100 Disc n = 100, for 5000 samples the ESS Mt = 2702.2
s d o
. . UL,
MCMC chains for 8, n=100 Disc n = 100, for 5000 Sampies the ESS M = 560.4
, | H , . | . 3 { [ [ S S R
L I I s T : 0 o g b =




As n — oo, correlation in \/d-chains disappears/increases
(Work with S. Agapiou, O. Papaspiliopoulos, & Andrew Stuart)

n = 500

isc n = 500, for 5000 samples the ESS Mf = 4244.3

MCMC chains for A, n=500
W £
MCMC chains for &, n=500 Disc n = 500, for 5000 sampies the ESS Mt = 136.7
g W me T mw  mn ®F w5 me o wo z m = =

n = 1000

MCMC chains for A, n=1000 Disc n = 1000, for 5000 samples the ESS M/t = 4453.5

Nowteastibmsmioats 1|0




To overcome this issue, we use marginalization

First note that

AllylI” = " (AATA + 6L)p) +
U(\0)

50c— T OATA +5L)(x — ),

A 1 1
§HAX —ylPP+ QXTLX = 3

where p = (AATA +6L)"1)\ATy.



To overcome this issue, we use marginalization

First note that

AllylI” = " (AATA + 6L)p) +
U(\0)

50c— T OATA +5L)(x — ),

A 1 1
§HAX —ylPP+ QXTLX = 3

where pp = (AMATA + 6L)"'AATy. Then
1
PNty o p(pB)exp (~5U00)) %

exp (—;(x — )T AATA + L) (x — u))



To overcome this issue, we use marginalization

paly) [ plxdly)ax
o< POV exp (~5U00) ) %

/]R" P <_;(X — 1) (AATA +0L)(x - u)) dx

(2m)"/2 det(AAT A+5L)—1/2




To overcome this issue, we use marginalization

paly) [ plxdly)ax
o< POV exp (~5U00) ) %

/]R" P <_;(X — 1) (AATA +0L)(x - u)) dx

(2m)"/2 det(AAT A+5L)—1/2

1 1
< p(A)p(d)exp fiU()\, J) — 3 Indet(AAT A + 6L)

c(\,0)




To overcome this issue, we use marginalization

Thus we have the marginal density

p(A. ly) o< p(\)p(6) exp (—;U(M) - ;«(m) ,

where

UN6) = yIANI—XAMNATA +6L) 1Ay
¢(\,0) = Indet(AATA +0L).



Partially Collapsed Gibbs: Step 1, Reduce Conditioning

Reduce Conditioning in step 2 of the Gibbs Sampler

0. Choose x", and set k = 0;
1. Sample from p(A,d]y, xx) via:

a. )\k:+1 NI‘(m/2+Oé>\,2||AX _y||2+ﬁ)\)
b. Old:
New: (xk+1,(5k+1) ~ p(Xyé‘Ya/\k-i-l);

2. Sample from the Gaussian p(x|y, Ag11,0k+1) via:

XM = (N1 ATA + 5k+1L)71 (o1 ATy +m)

where n ~ N (0, Mer1ATA + 6k+1L) .
3. Set k =k + 1 and return to Step 1.

NOTE: p(Aly,x,9d) and p(x,d|y, A) are not conditionally
independent, so the result is not a two-stage Gibbs sampler.



Partially Collapsed Gibbs: Step 2, Collapse/Marginalize

k+1

In step 2, x is redundant, so we can integrate it out, to obtain

k1~ POy, Aes1)

ld/

= / p(*a&)’a)‘k-i-l)dﬁ{

1 1
o p(6)exp (—QU(MH,(S) - 20()%+175)> :



Partially Collapsed Gibbs: Step 2, Collapse/Marginalize

k+1

In step 2, x is redundant, so we can integrate it out, to obtain

k1~ POy, Aes1)

i / p(fi,é‘y,)\k+1)dﬁ

1 1
x p(6)exp (—2U<Ak+1, )~ 3e(henr 5)) |

The Partially Collapsed Hierarchical Gibbs Sampler
0. Choose x°, and set k = 0;
1. Sample Agp1 ~ T (m/2+ oy, 3[|Ax® — y |2 + B));
2. Sample 611 ~ p(dly, Ak+1);
3. Sample from the Gaussian p(x|y, A\k+1, 0x+1) via:

X = (o1 ATA + 600 L) (A ATy +1)

where n ~ N (0, Mer1ATA + 5k+1L) )
4. Set k =k + 1 and return to Step 1.



Chain auto-correlation plots for Partially Collapsed Gibbs

MCMC chains for A, n=1000
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Another option: sample directly from p(\,d|y)
0. Initialize \g, 8o, and Cg € R?*2. Set k = 1. Define kiotal-

1. Compute
In(\*) (A1)
[ In(5*) ] NN([ n(s_y) | CF1)
Set [A,0x]T = [\*,0%]7 with probability

p(N*, 6" |y) }
"p(Nk—1,0k—1ly) |

a—min{l

else set [Ag, 0x]7 = [Me_1,0r-1]".

2. Update the proposal covariance:
In(Ag) In(do)

Cj, = cov : : +eI, O<ex 1.
In(A\x) In(dg)

3. If k = kiotar Stop, else set k = k + 1 and return to Step 1.



Chain diagnostics for AM applied to p(A, |y
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Computational Bottlekneck

Evaluating

1 1
pOBIY) o POV exp (~5T00) = 30000)).
requires

UNG) = yTOI-X2AWNATA + L) 'AT)y
¢(\,0) = Indet(AMATA +5L),

which in turn requires
e computing xyap = (AATA + 6L) "1 AATy;
e computing Indet(AATA + 6L).



Computational Bottlekneck

Evaluating

1 1
pOBIY) o POV exp (~5T00) = 30000)).
requires

UNG) = yTOI-X2AWNATA + L) 'AT)y
¢(\,0) = Indet(AMATA +5L),

which in turn requires
e computing xyap = (AATA + 6L) "1 AATy;
e computing Indet(AATA + 6L).

NOTE: For the CT test case, these can only computed
approximately.



Hierarchical Gibbs for sampling from p(x, A, d|y)

0. Choose x", and set k = 0;

1. Sample from p(\, §|x*,y):
0.1 Compute A1 ~ I (m/2 4 ay, 3|Ax" — y||2 + B));
0.2 Compute 611 ~ I' (n/2 + as, 3(x¥)TLxF + B5);

2. Sample from p(x|Ag11,0r11,y): Compute
-1
X" = (M1 ATA 4+ 661 L) (e ATy +1),

where 7 ~ N (0, A1 ATA + 6541 L) .
3. Set k =k + 1 and return to Step 1.

NOTE: step 3 can be computationally intractible.



Gradient Scan Gibbs Sampler

Replace step 2 with ji11 CG iterations applied to
(M1 ATA + 0 L) (X" +p) = M ATy + 1,
where 17 ~ N (0, A1 1ATA + 6541 L) . Then define
xF+L = ik g piket
where p/#+1 is the final CG iterate.

NOTE: if jx = n, this reduces to hierarchical Gibbs.



Gradient Scan Gibbs Sampler

0. Choose x", and set k = 0.

1. Sample from p(\, §|x*,y):
0.1 Compute A\py1 ~T (m/2 + ay, %HAxk —ylI?+ 5/\);
0.2 Compute 611 ~ I' (n/2 + as, 3(x*)TLxF + 35).

2. Approximately sample from p(x|Agy1,dk+1,y): apply CG to
(A1 ATA + 6,1 L) (x* +p) = A ATy + 1,
where 1 ~ N (0, \j41ATA + 6541 L) . Define
XFH1 = x4 piktr

where p/+1 is the ji | CG iterate.

3. If k = kiotal stop, otherwise, set £k = k + 1 and return to
Step 1.

NOTE: the smaller is j;, the more correlated will be the x-chain.



Grad Scan Gibbs Numerical Test: j;, = 20, n = 1282
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Conclusions/ Takeaways

e Inverse problems have unique characteristics, making the
use of Bayesian methods for their solution practical,
challenging, and interesting.

e GMRFs provide a way of modelling the prior from pixel-level
assumptions. However, not all GMRFs yield a well-defined
posterior density in the infinite dimensional limit.

e Placing probability densities on A and J yields a hierarchical
posterior density p(x, A, d|y).

o We provided MCMC methods, derived from the Gibbs
sampler, for sampling from the posterior p(x, A, d|y).



