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Computational Uncertainty Quantifications for Inverse Problems

MATLAB codes:
https://github.com/bardsleyj/SIAMBookCodes

to be published by SIAM in late-summer /early-fall 2018

e Hierachical Gibbs for Nonlinear Inverse Problems: How do
you sample from p(x|y, \,0)?
e Randomize-then-Optimize as a proposal for
Metropolis-Hastings for sampling from p(x|y, A, J).
e some test cases;
e RTO-MH-within-Hierarchical Gibbs.



Now Consider a Nonlinear Statistical Model

Now assume the non-linear, Gaussian statistical model
y =A(x) +e

where
e y € R™ is the vector of observations;

e x € R™ is the vector of unknown parameters;

A :R"™ — R™ is nonlinear;

€ ~N(0,\7'1,,,), i.e., € is i.i.d. Gaussian with mean 0 and
variance AL



Hierarchical Bayes: Assume Hyper-Priors on A and ¢
Uncertainty in A and : A ~ p(A) and ¢ ~ p(d). Then

p(x, A, 8ly) o< p(ylx, A)p(A) p(x|0)p(9),

is the Bayesian posterior



Hierarchical Bayes: Assume Hyper-Priors on A and ¢
Uncertainty in A and : A ~ p(A) and ¢ ~ p(d). Then
p(x, A, dly) o< p(ylx, A)p(A) p(x[6)p(6),
is the Bayesian posterior, where
m/2 A 2

pylx, A) o A" exp { =T A(x) = yII” )

and we choose a GMRF prior and Gamma hyper-priors:
n/2 0 T
p(x]6) o< 6" “exp —5X Lx ),

p(A) X’*_lexp(—ﬁy\),
p(d) 50‘5_lexp(—555),

where ay = a5 = 1 and ) = 5 = 1072,



The Full Posterior Distribution: Nonlinear Case

p(x, A, dly) o
)\m/2+a>\716n/2+04571 exp (—;\HA(X) _ yHQ _ gXTLX — B\ — ﬁ55> )

Sampling versus Computing the MAP Estimator
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Hierarchical Gibbs: Nonlinear Case

The full conditionals have the form
1
pOIyx8) o A/HTexp (= (J1AG) -yl + 53 ) A) s
1
p(ly,x,\) oc 8"/ lexp <— (2XTLX - ﬁa) 5) ;
A 2 O 7
p(x|y, A\, 0) o exp —§HA(X) -yl - 7% Lx).

Observations:

1. p(x|y,A,d) is no longer a Gaussian random vector;

2. the product of the first two conditionals is still p(\, d|y, x):

p(A\,0ly,x) = p(Ay,x,0)p(0ly,x, \);

3. and we still have the natural blocking: (x, A, d) = (x; (A, 9)).



Sampling from p(x|y, A\, d): Metropolis-Hastings

Definitions:

p(x|y, A, ) posterior (target) density

xF Markov chain r.v. at step k

q(x|x") proposal density given x*

x* random variable from the proposal
A chain of samples {x", x!,---} is generated by:

1. Start at xY
2. Fork=1,2,--- K

2.1 sample x* ~ g(x|x"~1)

p(x" |y, \0)g(x" 1 |x")
» p(xF 1y, A\ 0)g(x*[xk—1)

23 xk — { X with probability r

2.2 calculate r = min {1

xF=1  with probability 1 —r



Metropolis-Hastings Demonstration:

http://chifeng.scripts.mit.edu/stuff/meme-demo/

» chifeng.scripts.mit.edu/stuff/mcmc-demo/


http://chifeng.scripts.mit.edu/stuff/mcmc-demo/

Randomize-then-Optimize for defining proposal grro(x)

First, define

A/2A (x) A/ 2y
A)\,5(X) - l (5L)1/2X and Y = 0
Then
A ) 1
SIAx) —yl? + 5x Lx = S [[Axs(x) — yasll®,
2 2 2
and hence

1
v 8) o exp (=51 Ans) ~ yasl)



Randomized maximum likelihood

Recall: when A s is linear, we can sample from p(x[y, A, ) via

X = arg mdifn [ANs(¥) — (Yas + O €~N(0,Ip,).

Comment: this is called randomized maximum likelihood.

Problem: It is an open question what the probability of x is.



Extension to nonlinear problems

As in the linear case, we create a nonlinear mapping

x=F1(v), v~N(QTyxrs 1)



Extension to nonlinear problems

As in the linear case, we create a nonlinear mapping
_ w1 T
x=F"(v), v~N(Q yxrsIn).
What are Q and F? First, define
)5 = argmin [[ Ay 5(x) — yasl®,
then the first-order optimality condition is
Ins(305)" (Axs(x18) = ¥r6) = 0.

where J 5 is the Jacobian of A s.



Let Jy5(xx,5) = QR be the ‘thin’ QR-factorization, then the
first-order optimality condition can be equivalently expressed

F(xx6) = Qyrs,

where F % QTA,V;



Let Jy5(xx,5) = QR be the ‘thin’ QR-factorization, then the
first-order optimality condition can be equivalently expressed

F(x)5) = Q" yxs,
where F def QTA,\’(;
RTO nonlinear mapping;:

X = F_l (QT(Y)\,(S + 6)) , € N(O,Im+n)
Y F(v), veNQ yrs ).

Condition: F must be invertible with continuous Jacobian.



PDF for x =F ' (v), v~ N(Q"y)s, L)

If dixF(x) = Q*J, 5(x) is invertible for all relevant x,

s (e00)
= et (Q1500) [ exp (517 Axs(0) — QT3 s?)

qrro(Xx) o pv(F(x))



PDF for x = F 1 (v), v ~ V(QTyxs. 1)

If dixF(x) = QTJ, 5(x) is invertible for all relevant x,

det (%F(x)) po(F(x))

et (Q731,560) [exp (3 1Q7 A s(x) = Qv
= (}(X; A (5)])(X‘y, A, 6)5

qrTO(X)

where
c(x; N\, 0) = ‘d(\‘((QTJ/\_(;(X))) X

1 5 1, .4 (
exb (51A40560) = ¥asl = 51Q7 (Axs0) = 397



RTO in Practice: Implementing x = F~(v)

RTO proposal samples are obtained by solving

x = argmin [E(y) - V2, v~ N(QTyrs Tn),

where F = QTA)\,(;.



RTO in Practice: Implementing x = F~(v)

RTO proposal samples are obtained by solving

x = argmin [E(y) - V2, v~ N(QTyrs Tn),

where F = QTA)\,(;.

RTO IMPLEMENTATION:
1. Randomize: compute v ~ N'(QTyx s, 1,,);
2. Optimize: solve x = arg min,, |F(2p) — ]2



RTO in Practice: Implementing x = F~(v)

RTO proposal samples are obtained by solving

x = argmin [E(y) - V2, v~ N(QTyrs Tn),

where F = QTA)\,(;.

RTO IMPLEMENTATION:
1. Randomize: compute v ~ N'(QTyx s, 1,,);
2. Optimize: solve x = arg min,, |F(2p) — ]2

NOTE: when A 5 is linear, x = R~ v, as in the previous slides.



Theorem (RTO probability density)

Let Ay : R" — R™" y) 5 € R and assume
e A, 5 is continuously differentiable;
e Jys5(x) € RMTM)X1 46 rank n for every x;
o QTJ, 5(x) is invertible for all relevant x.

Then the random vector defined by

x = arg mdi)n 1Q" Axs(¥) = vI*, v ~N(Q'yxs,1n),

has probability density function

qrro(X; A, 6) o< c(x: A, 0)p(xy, A, 9),
where
e, 0) = |det(QTIs(x))|

1 o 1. .7 .
exp (51A40560) = ¥asl = 51Q7 (Axs0) = 397



RTO Metropolis-Hastings

Definitions:

p(x|y, A, 9) posterior (target) density

xF Markov chain r.v. at step k
grro(x; A\, 0)  RTO (independence) proposal density
x* random variable from the proposal

A chain of samples {x", x!,---} is generated by:
1. Start at x"
2. Fork=1,2,--- K

2.1 sample x* ~ grro(x; A, d) from the RTO proposal density
2.2 calculate r = min {p(x [y A.0)grro (x" ~*:1.0) 1}

p(xF 1y, A,6)grro (x*35,0)
23 xk — x* with probability r
' ~ 1 x*°! with probability 1 —



RTO-MH Acceptance Ratio

Given RTO sample x* ~ grro(X; A, d), accept with probability

. p(x*|y, A, §)grro (x5 A, 8)
r = min |1, =) ”
p(xF=Ly, A, 6)grro(x*; A, 6)

i (1 Pl A 8)e(x" 1N, 0)p(xF Ly, A, 6)
T op(xEy, A 6)e(x A 0)p(x*y, A, 0)

k=1, §
= min(l,C(X "/\"())>,

c(x*; A\, 0)

where recall that

c(x; N\, 0) = ‘det(QTJ)\T(;(X)))X

1 . 1 .
exp <2A/\,6(X) —yasll? - QHQT(AA.a(X) - YA,(s)Z).



The RTO-MH Algorithm

O = xyap and number of samples N. Set k = 1.

1. Choose x
2. Compute an RTO sample x* ~ grro(x; A, 0).

3. Compute the acceptance probability

— min |1 c(xF1 N, 0)
T = 1Imin 9 (Z(X:f: )\ (S) .

4. With probability r, set x¥ = x*, else set x¥ = x
5. If k < N, set k =k + 1 and return to Step 2.

k-1



Understanding RTO (thanks to Zheng Wang for these indes)

Consider the simple, scalar ‘inverse problem’:

forward model

Yy :A($)—|—\€,J, x~ N(0,1), e~ N(0,1)

observation noise

M X exp (—; (A(z) — y)2> exp <—;m2)
1 x 0] |I?
<oo (3] uto] -l 1)
Ay s(z) ;\/6/

posterior
1 2
ocexp { =5 [[Axs(@) = yasll



Understanding RTO

Least-squares form:
p(zly) o
exo [ — 1” z | |0
P 2| [A(x) Yy
—_— =~

2)
A)\ytg(l‘) Y5

output
~

p(z|y) is the height of the path

w1 = 4|

on the Gaussian

N (yrsI2).



Understanding RTO

osterior
7.4 P
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Algorithm’s task: sample from the posterior



Understanding RTO

posterior posterior
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Algorithm’s task: sample from the posterior

output



Understanding RTO

posterior posterior
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Algorithm’s task: sample from the posterior



Understanding RTO
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Understanding RTO

posterior posterior
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Understanding RTO

posterior posterior
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Understanding RTO

posterior posterior
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Understanding RTO

posterior posterior
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Algorithm’s task: sample from the posterior



Understanding RTO

posterior posterior
0.2 0.2 =
B‘ >
2 z
f=4 f=4
3 3
7.4 ~ 7.4
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Algorithm’s task: sample from the posterior



Understanding RTO
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Randomize-then-optimize

Generate RTO samples {z*}:

output
~

posterior




Randomize-then-optimize

Generate RTO samples {z*}:
1. Compute zy 5.




Randomize-then-optimize

Generate RTO samples {z*}:
1. Compute zy 5.
2. Compute Q =
Ins(@xs)/I1Ixn6(@x6)l-

output
~

o




Randomize-then-optimize

Generate RTO samples {z*}:
1. Compute zy 5.
2. Compute Q = )
Ins(@xs)/I1Ixn6(@x6)l-
3 Fork=1,2,--- K
3.1 Sample & ~ N (yxrs.12) °




Randomize-then-optimize

Generate RTO samples {z*}:
1. Compute zy 5.
2. Compute Q = )
Ins(@xs)/1Ixs(@r8)ll- ¥
3 Fork=1,2,--- K

3.1 Sample & ~ N (yag L)
3.2 Compute z*¥ = arg min,

1QT (A s(z) — )|




Randomize-then-optimize

Generate RTO samples {z*}:
1. Compute zy 5.
2. Compute Q =
Ins(@xs)/I1Ixne(@x6)l-
3. Fork=1,2,--- | K
3.1 Sample & ~ N (yxr,12)
3.2 Compute z*¥ = arg min,
1Q7 (A (@) - ).
RTO proposal density:
qrro(z*) o< |QT I 5(z")|

exp (~4 Q7 (Axsa) - v25)| )




Poisson Equation Inverse Problem

Estimate the diffusion coefficient z(s) from measurements of the
solution u(s) of

—% (x(s);l;;) =f(s), 0<s<l,

where u(0) = u(1) = 0, which after discretization takes the form

def

B(x)u =f, B(x) = D”diag(x)D.



Poisson Equation Inverse Problem

Estimate the diffusion coefficient z(s) from measurements of the
solution u(s) of

—% (x(s);l;;) =f(s), 0<s<l,

where u(0) = u(1) = 0, which after discretization takes the form
Bx)u=f, B(x) % D diag(x)D.

We generate data using two discrete d-source vectors f; and f:

B(x)"!f
Y2 |on_oxq X2 Jon_oxa
y A(x)

Nonlinear statistical model: y = A(x) + €.
Assume a GRMF prior: p(x|d) o exp (—7XTLX>



RTO-MH: p(x|y, A, d) o exp (—%HA(X) —y|? - gXTLX)

O = xyap and number of samples N. Set k = 1.

1. Choose x
2. Compute an RTO sample x* ~ grro(x; A, 0).

3. Compute the acceptance probability

. ('(x/" L, J)
T = min <17 ((){M) .

4. With probability r, set x¥ = x*, else set x¥ = x
5. If k < N, set k =k + 1 and return to Step 2.

k-1



Numerical Results from RTO-MH Samples

Plot of data (0), true model (-), and model fit (--)

0 500 1000 1500 2000 2500 3000 3500 4000
X2
1
0.8
06
0 500 1000 1500 2000 2500 3000 3500 4000
Xe1
11
1
09
0 500 1000 1500 2000 2500 3000 3500 4000

rue

s
95% credibility bounds

0.7 075 08 0.85

x

1000 2

“l me

064 066 068 07 072 074 076 078 08 082
XE1

1000

500 -




Electrical Impedance Tomography Seppéanen, Solonen, Haario, Kaipio

V.- (xVp)=0, e
g0+zg;c%://(, ree, £=1,...,L
felraﬂdS Iy, £=1,....L
:Eg“f =0, 7T€IN\UL, e

o v =u(r) & ¢ = ¢(F): electrical conductivity & potential.
e 7 € (): spatial coordinate.

e ¢y: area under the fth electrode.

e z;: contact impedance between fth electrode and object.

o y, & I;: amplitudes of the electrode potential and current.
e 77: outward unit normal

e [: number of electrodes.



EIT, Forward/Inverse Problem (image by Siltanen)

)

Left: current I and electrode potential y; Right: conductivity x.

Forward Problem: Given the conductivity x, compute y = A(x),
where evaluating A(x) requires solving a complicated PDE.

Inverse Problem: Given y, characterize (sample from)

A )
p(x|y, A, d) o exp (—§||A(x) _ y||2 _ §XTLX> ‘



RTO Metropolis-Hastings applied to EIT example
True Conductivity = Realization from Smoothness Prior

m H
5 1o
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n 16
5 14
R 12

g %
. o 1

£
-5 08

0.z
-10
-0 5 0 5 10 o
(cm)

Upper images: truth & conditional mean.

Lower images: 99% c.i’s & profiles of all of the above.

5

0

¥ [em)

-5

ms om”!

-10
-10 -5 0

¥ (em)




RTO Metropolis-Hastings applied to EIT example
True Conductivity = Internal Structure #1
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Upper images: truth & conditional mean.
Lower images: 99% c.i’s & profiles of all of the above.
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RTO Metropolis-Hastings applied to EIT example
True Conductivity = Internal Structure #2

0
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¥y (em)
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Upper images: truth & conditional mean.
Lower images: 99% c.i’s & profiles of all of the above.



Lognormal Prior and Positivity Constraints

When x > 0, we can assume x is log-normally distributed:
In(x) ~ N(0, (L)1),

which yields the prior

p(x]3) o (Hm) exp (-g||w2m<x>||2).



Lognormal Prior and Positivity Constraints

When x > 0, we can assume x is log-normally distributed:
In(x) ~ N(0, (L)1),

which yields the prior

p(x]3) o (H@) meQmmm@wﬂ.

The transformation x = e then yields

Py A0 o plyiet ptetls) det ()
_ exp(

A2 A (67) A2y 2
i - ]])

NOTE: RTO-MH can be used to sample from p(e*|y, A, ).




RTO-MH to sample from p(e*|y, A, 9)

0 number of samples N, and set k = 1.

1. Choose z
2. Compute an RTO sample z* ~ grro(z; A, 9).

3. Compute the acceptance probability

) c(zF"1 N, 9))
r=min |1, ———~ | .
c(z*; N\, 0))
4. With probability 7, set z¥ = z*, else set zF = z
5. If k < N, set k =k + 1 and return to Step 2.

k—

N
NOTE: {x = ezk}k_l are samples from p(x|y, A, d).



Numerical Test:

PSF reconstruction
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LapIace/TV/Besov Priors (W/ Zheng, Cui, I\/Iarzouk)

Next, we consider the ¢; prior case:
p(x6) oc exp (=4[ Dx|l1)
where D is an invertible matrix. Then
p(x[y, A, 0) o< p(ylx, A)p(x|)

A
— oo (~51A60 - y|* - 5|Dx|1 ).

Note: 1D TV prior & Besov, B ;-space, priors have this form.



LapIace/TV/Besov Priors (W/ Zheng, Cui, I\/Iarzouk)

Next, we consider the ¢; prior case:
p(x6) oc exp (=4[ Dx|l1)
where D is an invertible matrix. Then
p(x[y, A, 0) o< p(ylx, A)p(x|)
= exp (51460 - y* = 3Dx) ).
Note: 1D TV prior & Besov, B ;-space, priors have this form.

Problem: p(x|y, A, ) does not have least squares form.



Laplace Prior Transformation

Define the change of variables
Dx = g(z),

such that

p(Dg(@)}0) x exp (5 2]} [D~13,(2)].



Laplace Prior Transformation

Define the change of variables
Dx = g(z),

such that
_ 0 _
p(D~g(2)}8)  exp (5 2] ) [D 13, (2)].

Then the posterior is in least squares form w.r.t. z:

§D g(a)ly.\0) x plyID " g(z), (D g(2)}5)det (5 )

— exp (—;\HA (D7'9(2)) - ylI* - juzP)

()

§1/2g




Prior Transformation

Transformation 6 =g(u)

p(z) o
exp (—Alz])

= 0

p(z) o
exp (—%z o

05
05

LA

-4 0 4
u

For multiple independent z;, transformation is repeated



2D Laplace Prior

linear model linear model
Gaussian prior Li-type prior Transformed

prior

likelihood

posterior

Transformation moves complexity from prior to likelihood



RTO-MH to sample from p(D~15(z)|y, A, 9)

0 number of samples N, and set k = 1.

1. Choose z
2. Compute an RTO sample z* ~ grro(2z; A, 9).

3. Compute the acceptance probability

) c(zF"1 N, 9))
r=min |1, ——— | .
c(z*; N\, 0))
4. With probability 7, set z¥ = z*, else set zF = z
5. If k < N, set k =k + 1 and return to Step 2.

k—1

N
NOTE: { k-1 9(z k)}kzl are samples from p(x|y, A, 0).



Image Deblurring with Besov Space Prior
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The Full Posterior Distribution: Nonlinear Case
Recall

p(x, A, dly) o
)\m/2+a>\716n/2+a571 exp (—;\HA(X) _ yHQ _ gXTLX — B\ — Béé) )



The Full Posterior Distribution: Nonlinear Case
Recall

p(x, A, 8ly) o
)\m/2+a)\*16n/2+04571 exp (—;\HA(X) o yHQ o gXTLX . BAA _ B55> ]

with full conditionals

1
pOlyx8) o A Texp (- (JIAG) ~ vl + 5 ) A) s
p(8ly,x,A) o "2 exp (— (;XTLX + ﬂa) 5) ;

A )
p(x|y,\,0) o exp (—2||A(x) _ yH2 . 2XTLX> ‘

IDEA: use RTO-MH to sample from p(x|y, A, J).



RTO-MH within Hierarchical Gibbs (w/ cui)

0. Choose x°, and set k = 0;
1. Sample from p(A, d|y, xi) via:
a. Agp1~T (m/2 + a), %HAXk - Y||2 + BA);
b. dgr1 ~T (n/2 + ag, %(Xk)TLXk + 55);
2. Sample from p(x|y, Ap11,0r4+1) using RTO-MH:

a. compute X. ~ qrro (X; A\pt1, Ok+1);
b. set xx41 = X, with probability

c(xF; g1, Ong 1))

(',(X*I )\;‘.+| Okt )

7 = min (17

else set x;4+1 = X.

3. Set k =k + 1 and return to step 1.



Test Case: Poisson Equation Inverse Problem

e
~ Sample Median
— 95% credibility bounds
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Conclusions/ Takeaways

e The development of computationally efficient MCMC
methods for nonlinear inverse problems is challenging.

e RTO was presented as a proposal mechanism within
Metropolis-Hastings for sampling from p(x|y, A, J).

e RTO-MH was implemented on several examples:

nonlinear inverse problems;

lognormal prior (positivity constraints);

Laplace/Besov/TV prior;

RTO-MH-within-hierarchical Gibbs.



