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1. Introduction and Outline 
The purpose of this paper is to introduce and study the most basic properties 

of three new variational problems which are suggested by applications to com- 
puter vision. In computer vision, a fundamental problem is to appropriately 
decompose the domain R of a function g ( x ,  y) of two variables. To explain this 
problem, we have to start by describing the physical situation whch produces 
images: assume that a three-dimensional world is observed by an eye or camera 
from some point P and that g l ( p )  represents the intensity of the light in this 
world approaching the point P from a direction p. If one has a lens at P 
focussing this light on a retina or a film-in both cases a plane domain R in 
which we may introduce coordinates x ,  y-then let g ( x ,  y)  be the strength of 
the light signal striking R at a point with coordinates ( x ,  y); g ( x ,  y)  is 
essentially the same as gl( p)-possibly after a simple transformation given by 
the geometry of the imaging system. The function g ( x ,  y )  defined on the plane 
domain R will be called an image. What sort of function is g? The light reflected 
off the surfaces Sj of various solid objects 0; visible from P will strike the 
domain R in various open subsets Ri. When one object 0, is partially in front of 
another object 0, as seen from P, but some of object 0, appears as the 
background to the sides of 0,, then the open sets R ,  and R ,  will have a common 
boundary (the ‘edge’ of object 0, in the image defined on R )  and one usually 
expects the image g ( x ,  y )  to be discontinuous along this boundary: see Figure 1 
for an illustration of the geometry. 

Other discontinuities in g will be caused by discontinuities in the surface 
orientation of visible objects (e.g., the ‘edges’ of a cube), discontinuities in the 
objects albedo (i.e., surface markings) and discontinuities in the illumination 

‘A preliminary version of this paper was submitted by invitation in 1986 to “Computer Vision 1988”, 
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3.7. Grouping Junctions 

A classified junction with its curved or straight legs 
needs to be incorporated into already detected struc- 
ture or a model to form a coherent description of a 
scene or an object. One can imagine numerous strate- 
gies, active, reactive or even non-active, for arriving at 
such a description, of varying complexity and level of 
abstraction. However, it is not the aim of this paper to 
discuss such strategies in general. On the other hand it 
is of importance to show how useful and powerful the 
suggested approach is for example in providing cues to 
object recognition. In order to illustrate this, we have 
hardwired an active strategy with a straightforward and 
simple method to join classified junctions through their 
legs as they are detected during exploration of an ob- 
ject. The method incorporates the transformation of 
previously detected structure into the image at the new 
fixation point where the most recent candidate junc- 
tions are classified, after which these junctions are in- 
corporated into the structure. The locations of legs, 
which have not been connected, form a basis for se- 
lecting new fixation points, in order to connect these 
legs to other junctions. Finally, the description of an 
object is completed when no more unconnected legs are 
found. On the way to the final result, partially com- 
plete descriptions are constructed as each fixation and 
classification occurs. 

When the process starts, there is only one classified 
junction. None of the legs can thus be connected and 
all legs are considered to be "loose ends", and a new 
fixation is immediately initiated at one of these ends. 
The junction classifier has now to verify that the new 
fixation point really has a connection to the leg which 
initiated the fixation. If the classifier was unable to 
verify this the process will refixate at another "loose 
end". When instead a verification is made, the legs 
of this new classified junction have to be checked for 
matches t2 with the "loose ends" incorporated in the 
description so far. If  such a match is found a connection 
is established and this "loose end" is removed. The legs 
to which there are no matches, are added to the "loose 
ends". The process can now continue with the next 
"loose end", and finishes if there are no more. 

T-junctions require special care. If  the occluding leg 
is verified as belonging to the "loose end" that initiated 
the fixation, the leg is incorporated into this "loose 
end" which then stays "loose". The occluded leg can 
be discarded as belonging to another object and thrown 
away. If on the other hand the occluded leg is verified 

as belonging to the structure, this leg is also included 
into the "loose end" but with the difference that this end 
is removed from the "loose ends", and the occluding 
leg can be thrown away 13. 

4. Experiments and Results 

We will here present experiments done in an active en- 
vironment, that is with the KTH Head-Eye system, see 
figure 7, for a full detailed description see (Pahlavan, 
1993). The setup has been a scene with some simple 
objects placed about a meter or so from the camera. 
The fixations have been done with "eye" movements 
only. This means that since the head rotates its "eyes" 
around the lens centers, the structures under study will 
only undergo translation in the image (see Section 3.6 
for a discussion). This is important since this makes it 
possible to transform the data from one fixation to the 
next using the simple strategy described in Section 3.6. 

4.1. Experimental Methodology 

The methodology used in the experiments are: 

1. Fixate on one object 
(a) Take an overview image of the scene. 
(b) Find a set of junction candidates in this image. 
(c) Make a simple local junction classification and 

select an L-, Y- or t-junction. 
2. Foveate, that is fixate and increase the resolution 14 

on the object under study. 

Figure 7. The KTH Head-Eye system was used for performing the 
experiments. The head-eye system consists of two cameras mounted 
on a neck and has a total of 13 degrees of freedom. It allows for 
computer-controlled positioning, zoom and focus of both the cameras 
independently of each other. 
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• function:        ~1000 image categories

• parameters:   ~60.000.000

• training data:   millions of labeled images
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Failures of Gradient-Based Deep Learning

Shai Shalev-Shwartz1, Ohad Shamir2, and Shaked Shammah1
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2Weizmann Institute of Science

Abstract

In recent years, Deep Learning has become the go-to solution for a broad range of applications,
often outperforming state-of-the-art. However, it is important, for both theoreticians and practitioners,
to gain a deeper understanding of the difficulties and limitations associated with common approaches
and algorithms. We describe four types of simple problems, for which the gradient-based algorithms
commonly used in deep learning either fail or suffer from significant difficulties. We illustrate the failures
through practical experiments, and provide theoretical insights explaining their source, and how they
might be remedied1.

1 Introduction

The success stories of deep learning form an ever lengthening list of practical breakthroughs and state-of-
the-art performances, ranging the fields of computer vision [23, 14, 25, 33], audio and natural language
processing and generation [5, 15, 11, 34], as well as robotics [24, 26], to name just a few. The list of success
stories can be matched and surpassed by a list of practical “tips and tricks”, from different optimization
algorithms, parameter tuning methods [30, 22], initialization schemes [10], architecture designs [31], loss
functions, data augmentation [23] and so on.

The current theoretical understanding of deep learning is far from being sufficient for a rigorous analysis
of the difficulties faced by practitioners. Progress must be made from both parties: from a practitioner’s per-
spective, emphasizing the difficulties provides practical insights to the theoretician, which in turn, supplies
theoretical insights and guarantees, further strengthening and sharpening practical intuitions and wisdom.
In particular, understanding failures of existing algorithms is as important as understanding where they
succeed.

Our goal in this paper is to present and discuss families of simple problems for which commonly used
methods do not show as exceptional a performance as one might expect. We use empirical results and
insights as a ground on which to build a theoretical analysis, characterising the sources of failure. Those
understandings are aligned, and sometimes lead to, different approaches, either for an architecture, loss
function, or an optimization scheme, and explain their superiority when applied to members of those fami-
lies. Interestingly, the sources for failure in our experiment do not seem to relate to stationary point issues
such as spurious local minima or a plethora of saddle points, a topic of much recent interest (e.g. [6, 3]),

1This paper was done with the support of the Intel Collaborative Research institute for Computational Intelligence (ICRI-CI)
and is part of the “Why & When Deep Learning works – looking inside Deep Learning” ICRI-CI paper bundle
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CONTENTS

1. Introduction 1

ABSTRACT. What this paper is about ...

1. INTRODUCTION

1

Z(✓)
eh✓,�(x)i
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f
i

g1 g2 g
m

D
i

=
�
d(f

i

, g1), . . . , d(fi, gm)
�
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CONTENTS

1. Introduction 1

ABSTRACT. What this paper is about ...

1. INTRODUCTION

1

Z(✓)
eh✓,�(x)i
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(C. Schnörr) IMAGE AND PATTERN ANALYSIS GROUP, HEIDELBERG UNIVERSITY, GERMANY
E-mail address: schnoerr@math.uni-heidelberg.de
URL: http://ipa.math.uni-heidelberg.de

1

Supervised Labeling (Segmentation, Partitioning)

feature 
vector

labels 
(prototypes)

metric, distance vector (data term)

TITLE

CHRISTOPH SCHNÖRR
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Ẇ (t) = V(W ;D,G) Ẇ (t) = V(W,G) Ẇ (t) = V(W,U)

f
i

g1 g2 g
m
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CONTENTS

1. Introduction 1

ABSTRACT. What this paper is about ...

1. INTRODUCTION

1

Z(✓)
eh✓,�(x)i
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f
i

g1 g2 g
m
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CONTENTS

1. Introduction 1

ABSTRACT. What this paper is about ...

1. INTRODUCTION

1

Z(✓)
eh✓,�(x)i

Ẇ (t) = V(W ;D,G) Ẇ (t) = V(W,G) Ẇ (t) = V(W,U)
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(C. Schnörr) IMAGE AND PATTERN ANALYSIS GROUP, HEIDELBERG UNIVERSITY, GERMANY
E-mail address: schnoerr@math.uni-heidelberg.de
URL: http://ipa.math.uni-heidelberg.de

1



Supervised Labeling (Segmentation, Partitioning)

50 100 150 50 100 150

0 50 100 150 200 250

TITLE

CHRISTOPH SCHNÖRR
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Image Labeling Based on Graphical Models Using Wasserstein Messages and1
Geometric Assignment ⇤2

Ruben Hühnerbein † , Fabrizio Savarino † , Freddie Åström ‡ , and Christoph Schnörr †3
4

Abstract. We introduce a novel approach to Maximum A Posteriori inference based on discrete graphical models. By utilizing local5
Wasserstein distances for coupling assignment measures across edges of the underlying graph, a given discrete objective6
function is smoothly approximated and restricted to the assignment manifold. A corresponding multiplicative update7
scheme combines in a single process (i) geometric integration of the resulting Riemannian gradient flow and (ii) rounding8
to integral solutions that represent valid labelings. Throughout this process, local marginalization constraints known9
from the established LP relaxation are satisfied, whereas the smooth geometric setting results in rapidly converging10
iterations that can be carried out in parallel for every edge.11

Key words. image labeling, assignment manifold, Fisher–Rao metric, Riemannian gradient flow, discrete optimal transport, Wasser-12
stein distance, entropic regularization, graphical models13

AMS subject classifications. 62H35, 62M40, 65K10, 68U1014

1. Introduction.15

1.1. Overview and Motivation. Let ⌦ ⇢ R2 be a domain where image data are observed, and let16
G = (V, E), |V| = m, denote a grid graph embedded into ⌦. Each vertex i 2 V indexes the location of a17
pixel, to which a random variable18

(1.1) x
i

2 X = {`1, . . . , `n}19

is assigned which takes values in a finite set X of labels. The image labeling problem is the task to assign to20
each x

i

a label such that the discrete objective function21

(1.2) min

x2Xm

E(x), E(x) =
X

i2V
E

i

(x
i

) +

X

ij2E
E

ij

(x
i

, x
j

)22

is minimized. This function comprises for each pixel i 2 V local energy terms E
i

(x
i

) that evaluate local23
label predictions for each possible value of x

i

2 X . In addition, E(x) comprises for each edge ij 2 E local24
distance functions E

ij

(x
i

, x
j

) that evaluate the joint assignment of labels to x
i

and x
j

. If the local energy25
functions E

ij

(x
i

, x
j

) = d(x
i

, x
j

) are defined by a metric d : X ⇥ X ! R, then (1.2) is called the metric26
labeling problem [25]. In general, the presence of these latter terms makes image labeling a combinatorially27
hard task. Function E(x) has the common format of variational problems for image analysis comprising a28
data term and a regularizer. From a Bayesian perspective, therefore, minimizing E corresponds to Maximum29
A-Posteriori inference with respect to the probability distribution p(x) = 1

Z

exp(�E(x)). We refer to [23]30
for a recent survey on the image labeling problem and on algorithms for solving either approximately or31
exactly problem (1.2).32

A major class of algorithms for approximately solving (1.2) is based on the linear (programming) relax-33
ation [52] (see Section 2.2 for details)34

(1.3) min

µ2LG
h✓, µi.35
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Figure 7.5: EVALUATION OF THE MINIMAL CYCLIC GRAPHICAL MODEL K3: For every pair of parameter
values (⌧,↵), we evaluated 10

5 models, which were generated as explained in the text. In each experiment,
we terminated the algorithm when the average entropy dropped below 10

�3 or if the maximum number of
600 iterations was reached. In addition, we chose a constant step-size h = 0.5. LEFT: The plot shows
the percentage of experiments where the energy returned by our algorithm had a relative error smaller then
1% compared to the minimal energy of the globally optimal integral labeling. In agreement with Fig. 7.1
(bottom), less aggressive rounding yielded labelings closer to the global optimum. RIGHT: This plot shows
the corresponding average number of iterations. The black region indicates experiments where the maximum
number of 600 iterations was reached, because too strong smoothing of the Wasserstein distance (large ⌧ )
overcompensated the effect of rounding (small ↵), so that the convergence criterion (6.11) which measures
the distance to integral solutions, cannot be satisfied. In the remaining large parameter regime, the choice of
↵ enables to control the trade-off between high-quality (low-energy) solutions and computational costs.

required on average 45 iterations to converge. Using instead ↵ = 0.58 and ⌧ = 0.15, that is more aggressive973
rounding in each iteration step (5.4), the average number of iterations reduced to 9, but the accuracy also974
dropped down to 88.6%.

↵ ⌧ Success rate Iterations
0.22 0.2 97.35% 45
0.5 0.33 93.41% 15

0.58 0.15 88.6% 9

Table 2: The table shows three different parameter configurations extracted from Fig. 7.5. The comparison
of the success rate and the number of iterations until convergence clearly demonstrates the trade-off between
accuracy of optimization and convergence rate, depending on the rounding variable ↵ and the smoothing
parameter ⌧ . Overall, the number of iterations is significantly smaller than for first-order methods of convex
programming for solving the LP relaxation, that additionally require rounding as a post-processing step to
obtain an integral solution.

975
Overall, these experiments clearly demonstrate976
• the ability to control the trade-off between high-quality (low energy) labelings and computational977

costs in terms of ↵, for all values of ⌧ below a reasonably large upper bound;978
• a small or very small number of iterations required to converge, depending on the choice of ↵.979
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Abstract. We seek a global minimum of U:[0, 1]"-. R. The solution to (d/dt)x,=-VU(xt) will find
local minima. The solution to dxt =-V U(xt) dt+dw,, where w is standard (n-dimensional) Brownian
motion and the boundaries are reflecting, will concentrate near the global minima of U, at least when
"temperature" T is small: the equilibrium distribution for xt is Gibbs with density ’r(x)a exp {-U(x)/T}.
This suggests setting T T(t) 0 to find the global minima of U. We give conditions on U(x) and T(t)
such that the solution to dxt =-V U(xt)dt+x/ dw converges weakly to a distribution concentrated on
the global minima of U.
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1. Introduction. We can find a local minimum of a function U on R" by starting
at an arbitrary Xo e R" and solving the equation

dx___,= -V U(x,).dt

A continuous path, x, seeking a global minimum will in general be forced to "climb
hills" as well as follow down-hill gradients. One way of introducing hill-climbing,
while preserving the tendency to descend along gradients, is to introduce random
fluctuations into the path of x"

(1.1) dxt -V U(x,) dt+dwt
where w is a standard Brownian motion and T, the "temperature," controls the
magnitude of the random fluctuations. Under suitable conditions on U, xt approaches
(weakly) an equilibrium, which is a Gibbs distribution with density

’r(x) =--exp {-U(x)/ r} where Zr exp {-U(x)/ r} dx.
R

As T0, rr concentrates on the global minima of U. Hence, in low temperature
equilibrium we can expect to find xt near a global minimum.

Unfortunately, the time required to approach equilibrium increases exponentially
with 1/T; solutions to (1.1) with small T will be very slow to find the important minima
of U. This suggests that (1.1) be integrated with a gradually decreasing temperature,
T T(t)$ 0. The hope is that the early and large random fluctuations will allow xt to
quickly escape from local minima, whereas the later (large t) behavior will be essentially
a gradient descent into a prominent minimum of U.

The theorem presented here gives sufficient conditions on U and T(t) for the
weak convergence of xt to a measure concentrating on the global minimum of U. We
have simplified the mathematics by confining x to a rectangle in R" (the diffusion is
"reflected at the boundaries"). The rectangle is taken for convenience to be the unit
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smooth dynamical system 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(C. Schnörr) IMAGE AND PATTERN ANALYSIS GROUP, HEIDELBERG UNIVERSITY, GERMANY
E-mail address: schnoerr@math.uni-heidelberg.de
URL: http://ipa.math.uni-heidelberg.de

Japan. J. Math. 2, 197–227 (2007)
DOI: 10.1007/s11537-007-0647-x

On the mathematics of emergence⋆

Felipe Cucker ·Steve Smale⋆⋆

Received: 17 October 2006 / Accepted: 24 January 2007
Published online: 28 March 2007
c⃝ The Mathematical Society of Japan and Springer 2007

Communicated by: Toshiyuki Kobayashi

Abstract. We describe a setting where convergence to consensus in a population of autonomous
agents can be formally addressed and prove some general results establishing conditions under
which such convergence occurs. Both continuous and discrete time are considered and a number
of particular examples, notably the way in which a population of animals move together, are
considered as particular instances of our setting.
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1. A basic example: flocking

A common situation occurring in a number of disciplines is that in which a
number of autonomous agents reach a consensus without a central direction.
An example of this is the emergence of a common belief in a price system
when activity takes place in a given market. Another example is the emergence
of common languages in primitive societies, or the dawn of vowel systems.
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Adding a natural equation for the change of positions we obtain the system

x(t +h) = x(t)+hv(t) (3)
v(t +h) = (Id−hLx)v(t).

We will consider evolution for continuous time. That is, x,v∈E are functions
of t ∈ R. The corresponding model is obtained by letting h tend to zero and is
given by the system of differential equations

x′ = v (4)
v′ = −Lxv.

One of the main results in [6] (Theorem 2 there) can be restated as follows
(and is a particular case of one of the main results in this paper, Theorem 2
below).

Theorem 1. Let x0,v0 ∈ E. Then, there exists a unique solution (x(t),v(t)) of
(4), defined for all t ∈ R, with initial conditions x(0) = x0 and v(0) = v0. If
β < 1/2 then, when t → ∞ the velocities vi(t) tend to a common limit v̂ ∈ E and
the vectors xi − x j tend to a limit vector x̂i j, for all i, j ≤ k. The same happens if
β ≥ 1/2 provided the initial values x0 and v0 satisfy a given, explicit, relation.

2. A more general setting

In what follows we extend the situation considered in Section 1 to a more gen-
eral setting.

We consider two variables: vvv —describing the object whose emergence is of
interest— and x —describing other features of the agents— both varying with
time. We assume the existence of two inner product spaces X and F such that
x ∈ X and vvv ∈ F.

When we talk of convergence of (vvv1(t), . . . ,vvvk(t)) to a common value we
mean the existence of a point v̂vv ∈ F such that, when t → ∞, (vvv1(t), . . . ,vvvk(t)) →
(v̂vv, . . . , v̂vv).

Let ∆F denote the diagonal of Fk, i.e.,

∆F = {(vvv, . . . ,vvv) | vvv ∈ F}.

Then, convergence to a common value means convergence to the diagonal or, if
we let V = Fk/∆F, convergence to 0 in this quotient space. To establish such a
convergence we need a norm in V . In the following, we will fix an inner product
⟨ , ⟩ in V and we will consider its induced norm ∥ ∥. We will often write Λ(v)
for ∥v∥2 and Γ(x) for ∥x∥2.
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Yet a third example is the way in which populations of animals move together
(referred as “schooling”, “flocking”, or “herding” depending on the considered
animals).

As a motivating example in this introduction we consider a population, say
of birds, whose members are moving in E = R3. This situation has been recently
studied in [6] and in what follows we freely draw from this paper.

It has been observed that under some initial conditions, for example on the
positions and velocities of the birds, the state of the flock converges to one in
which all birds fly with the same velocity. A way to justify this observation is
to postulate a model for the evolution of the flock and exhibit conditions on the
initial state under which a convergence as above is established. In case these
conditions are not satisfied, dispersion of the flock may occur.

The model proposed in [6] postulates the following behavior: every bird ad-
justs its velocity by adding to it a weighted average of the differences of its
velocity with those of the other birds. That is, at time t ∈ N, and for bird i,

vi(t +h)− vi(t) = h
k

∑
j=1

ai j(v j(t)− vi(t)). (1)

Here h is the magnitude of the time step and the weights {ai j} quantify the way
the birds influence each other. It is reasonable to assume that this influence is
a function of the distance between birds. This assumption is given form via a
non-increasing function η : R+ → R+ such that the adjacency matrix Ax has
entries

ai j =
H

(1+∥xi − x j∥2)β (2)

for some fixed H > 0 and β ≥ 0.
We can write the set of equalities (1) in a more concise form. Let Ax be the

k×k matrix with entries ai j, Dx be the k×k diagonal matrix whose ith diagonal
entry is di = ∑ j≤k ai j and Lx = Dx−Ax the Laplacian of Ax (a matrix increasingly
considered in the study of graphs and weighted graphs [3,12]). Then

vi(t +h)− vi(t) = −h
n

∑
j=1

ai j(vi(t)− v j(t))

= −h
( n

∑
j=1

ai j

)
vi(t)+h

n

∑
j=1

ai jv j(t)

= −h[Dxv(t)]i +h[Axv(t)]i
= −h[Lxv(t)]i.

Note that the matrix notation Axv(t) does not have the usual meaning of a
k × k matrix acting on Rk. Instead, the matrix Ax is acting on Ek by mapping
(v1, . . . ,vk) to (ai1v1 + · · ·+aikvk)i≤k. The same applies to Lx.
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Graphical Models Using Wasserstein Messages and Geometric Assignment. SIAM
J. Imaging Science, 11(2):1317–1362, 2018.
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S. Kim, B.X. Kausler, T. Kröger, J. Lellmann, N. Komodakis, B. Savchynskyy, and
C. Rother. A Comparative Study of Modern Inference Techniques for Structured
Discrete Energy Minimization Problems. Int. J. Comp. Vision, 115(2):155–184,
2015.

Conference Papers
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Labeling Using Wasserstein Messages and Geometric Assignment. In Proc. SSVM,
LCNS 10302. Springer, 2017.
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Image Labeling. In Proc. ECCV, 2016.
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[2] F. Rathke and C. Schnörr. Fast Multivariate Log-Concave Density Estimation.
preprint: https://arxiv.org/abs/1805.07272, 2018.
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and Perturb & MAP for Probabilistic Graph Clustering. J. Math. Imag. Vision,
56(2):221–237, 2016.

[10] P. Swoboda, A. Shekhovtsov, J.H. Kappes, C. Schnörr, and B. Savchynskyy. Partial
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